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Double Soliton Solutions of Belinsky—Zakharov
Equation Related to the Self-Dual SU(N)
Gauge Fields

Guo Jianhong' and Zhong Zaizhe'
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The Belinsky—Zakharov inverse scattering method is extended to a double
high-dimension form. It is associated with the self-dual SU(N) gauge fields.
With the harmonic function method, some scattering wave functions can be
directly obtained. The one-soliton solution and general n-soliton solution
are given.

1. INTRODUCTION

Techniques for generating new solutions of the gauge field are quite
important. Among the techniques for the generation of solutions, the
inverse scattering method (ISM) developed by Belinsky and Zakharov
(BZ) (1978, 1979) is one of the most effective. Letelier (1982) used the
ISM to find the soliton solutions of the self-dual SU(2) gauge field and
subsequently studied the SU(N) case (Letelier, 1986). Papadopoulos (1985)
studied the SU(3) gauge field. However, in these methods only the ordinary
complex numbers (with the imaginary unit i, i = —1) are used, and
many of new solutions are lost. Zhong (1985, 1988) suggested a double-
complex function, double-inverse scattering method, and used this method
to generate new solutions of the self-dual SU(2) gauge field (Zhong, 1988).

The organization of this paper is as follows: in Section 2 we present
the double ISM for the high-dimension BZ equation. In Section 3 we
give four particular cases of one-soliton solutions. Section 4 gives the n-
soliton solution.
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2. DOUBLE INVERSE SCATTERING METHOD

The general double complex function method has been discussed by
Zhong (1985, 1988, 1989). Here we use only the relevant results. Let J denote
the double imaginary unit, i.e., J =i (i* = —1)orJ =& (e = +1, & #
+1). When all a, are real numbers and %,=¢ |a,| is a convergent series, then
a(J) = Zn=o a,J™" is a double real number. If a(J) and b(J) both are double
real numbers, then Z(J) = a(J) + J-b(J) is a double complex number denoted
by Zc = Z(J = i) = ac + ibc, Zy = Z(J = €) = ay + €by. In addition,
we define the commutation operator “® of the imaginary units as : J — J,
i=¢¢e=1

The self-duality SU(N) gauge field equation is

Fi(geg™) + TU(geg ) =0 (1)

where & = (IIN2)(x + iy), € = (IIN2)(z — ixe). _ _
Let the matrix g be a function only of r = (26£)"? and z = (£ + §)/2";
then equation (1) reads

O(rgrg™) + 0-(rg-g) =0, detg==*1, g=g" 2)

where the subscripts r and z denote partial differentiation, and g is an N X
N Hermitian matrix with unit determinant. One can have an even number of
solitons by a physical seed g when det g = +1, and when det g = —1, one
can get an odd number of solitons by a nonphysical seed g.

We consider the following double BZ equation:

O[rorg()- g '(N] + O [rdg(J) g ()] = 0 3)
det g = —J*, g=g

where g(J) = gu(J), gan(J) = Aup(r, z) + JBus(r, z). When J = i, (3) is just

the SU(N, C) gauge field; when N = 2, it is the self-dual SU(2) gauge field

studied by Zhong (1988); when J = ¢, according to Zhong (1985), since

SU(N, H) is isomorphic to SL(N, R), this equation must be associated with

the SL(N, R) gauge field. But it is written out by the hyperbolic complex
matrix g(J = ¢€).

According to Zhong (1988) and Letelier (1986), we obtain the following
double Lax pair:

(6,.+ 2 ak)lPO(J):on(J)+kWo(J) Yo

2 2 2 2
re+ A r-+ A @)
202 Wo(J) — AUo(J
(a: - =5 5k)qjo(1) = =Ll )

Yo(h = 0; J) = go(J) (5)
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where Uo(J) = ro:g0(J) - g0 (J), Wo(J) = rd-go(J) - go' (J), and Wo(J) = Wo(A,
r,z;J) = AN, 1, z; J) + iB(A, r, z; J) is an N X N double ordinary complex
function matrix. A is a double ordinary complex spectral parameter, A(J) and
B(J) are double real matrices, and go(J) (seed solution) is a known solution
of equation (3). If Wo(J) has been obtained, the double n-soliton solution
gn(J) of (3) can be obtained as follows:

) = ldet i) ~"ei()

" NI DN
w()]ap = Dy — —

[gn(D]as = [&o(I)]ab k;I L)

m(DIgoD]wm’J) _ Tl
H( D) + r? )

NOW) = mP()go())]ka (6)
mP(J) = mBNO(N)]sa
0"y = IP(TI(J)‘Fuku)

(I =

det gi(J) = (—1)"#"( ]J \pl\z)det 20(J)

where the mi)(J) are arbitrary double complex constants, and ¢ and b run
from 1 to N. In addition,

_ 2y __2ui()
al“k(‘l) r2 + H%(J) s a:Hk(J) r2 + Hi(‘l)
W) = p(r, ) = ou) =z & [(ow — 27 + 17" (7)

k=1,2,...,n)

where the ax(J) are double real constants.

Generally speaking, the key step of ISM is to find a suitable wave
function Wy. However, this usually is very difficult. We find that for some
kinds of seed solutions, W(J) can be directly obtained by a method similar
to that of Gao and Zhong (1992).

From (7), we have

(a% + la,. + a%) In pJ) = 0 (®)
r
2uJ) w0 T ’ 2ui(J) )0
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In the formulas (6) the matrix Wo(J) appears only in the form
Yo )‘x:uku). Thus, to construct the soliton solutions we only need

Yo )|uy10 = o) (10)

Therefore, we let

VO, )] = S L) 0~ 24u()-0) dr + (@)D
+ o) - 0-) d] (11)
Then
Y, w0 = (12)
if & = ¢(r, 2) is a harmonic function, i.e., ¢ satisfies
V(r,2) =0 (13)

From this we have the following theorem:

Theorem. If the seed solution gy(r, z; J) is dependent on r and z through

harmonic functions ¢1(r), da(r, 2), ..., Os(r, 2) (s = 1), ie., go(r, z; J) =
20(d1, d2, ..., &5 J), and the following condition is satisfied:
G I G -
Yy [(5(1),- go(d1, 92, ... 0 ) g0 (01, o, b J)]
=0 GLj=12,...,9 (14)

then the corresponding scattering wave function can be directly obtained as
YouJ) = go(d1 = Yi[d1, ()], 2 — Ya[da, uwl)],

The proof of this theorem is similar to Gao and Zhong (1992).

3. THE ONE-SOLITON SOLUTIONS

As an example we shall compute the one-soliton solutions associated
to particular SU(7) seed solutions. We take the seed solution of (3) given by

(go)ab
—J%exp P when a=b=12,...,s
0P when a=b=s+1,5+3,..., N—1
= )7 exp(Jea) when a=b—1=s+1,s+3,..., N—1 (16)

—Jzexp(—.lc‘rl) when a=b+1=s+2,5+4,..., N
0 otherwise
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where the ¢, are constants, s is a number such that 0 < s < N, and (N —
5)/2 must be an integer; the ¢, are harmonic functions, i.e.,

Vu(r,2) = 0 (17)

and
Z] bu=0 (18)

and
exp(J0) = i j (JO)" = ¢(JO) + J-s5(JO) (19)

the double sine s(JO) and the double cosine ¢(JO) are respectively defined as

: 1
0) =Y ——— (JO)*0 (JO _JGZ" 20
U0 = 3 S 0T ) = ;(2 ST 20
where 0 is a real number; therefore s(i8) = sin 0, s(¢8) = sh 0, ¢(iB) = cos
0, ¢(c0) = ch 6.
The determinant associated to (16) is
det go(J) = (=D)WR(=J?) 21

For the SU(7) case we have four possible s values: s = 7, 5, 3, and 1.
The corresponding matrices go(J) are

go(J) = diag(—.lzed”, —Jzeq)z, —Jze¢3, —Jzed"‘, —Jzed’s,
—Jze%, —Jzeq”) (22)

go(J)
—J%e! 0 0 0 0 0 0
0 —J%e® 0 0 0 0 0
0 0 —J % 0 0 0 0
= 0 0 0 —J%et 0 0 0
0 0 0 0 —J%es 0 0
0 0 0 0 0 b J2e’s
0 0 0 0 0 —J% %) 0

/(23)
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go(J)
—J2e? 0 0 0 0 0 0
0 —J2e?? 0 0 0 0 0
0 0 —J2e?3 0 0 0 0
- 0 0 0 b4 Jre’ 0 0
0 0 0 —J2 D 0 0
0 0 0 0 0 b J2e’%
0 0 0 0 0 —J% T 0
go(J)
—J? 0 0 0 0 0 0
0 O, Jre' 0 0 0 0
0 —J¥ T 0 0 0 0 0
= |o 0 0 d4 Jre’ 0 0
0 0 0 —JT9 0 0
0 0 0 0 0 b Jre’es
0 0 0 0 0 —J%e 0

/(25)

By the theorem, the corresponding wave function is

(Yo)as
—Jzeprflk) when a=b=1,2,...,s
y® when a=b=s+1,5+3,... , N—1
= .7zexp(.lca) when a=b—1=s+1,5+3,...,N—1 (26)
—Jzexp(—.lcaq) when a=b+1=s5s+2,5+4,... ,N
0 otherwise

Note that (11) and (18) imply that

;ywzo (27)
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For the diagonal case (22) we get
_ =
8ab(1) i

127
2
X exp (I)a[(l + [ )
-

A
when a = b, and for a # b,

12/7
-+ Aug(l + [
1

2
g4 exp(d, — 2 Re YY) — ‘%L‘ A(l)}28)

2
- = =
Gab(1) = . )Mb exp(¢a + ¢» — Y = Vi) (29)

where

7
1 1
Moy = 3 laf exp(er = 2Re '), gl = i (30)

For the case (23) we get, when a, b =< 5, similar formulas to (26), but now

A(z) = -2 Re(q657 exp Jeg) + ‘(17‘2(4)6 — 2 Re Y%l))
5
1
-7 |gsf? exp(ds — 2 Re ¥} 31)
=
For a < 5 and b = 6, we have
127 2
; - -
gasy) = J* ; (1 + %L‘ )Au)l[qa% exp(da — Y)

— J%q.q7(ds — Ye) exp(do — Yu — Jeo)] (32)

and fora < 5and b =7

1217 2
. o -
gy = J° ; (1 + %L‘ )A(z)lqa(p exp(dp, — YV) (33)
Also,
12/7 2
ooy = —J7 [ A(z)l[ &L‘ Axyds
M1 r
2
1
-1+ %L )‘qa exp Jes — J2q1(Ps — Y%))‘z] (34)
12/7 2
ge10) = —J A(2)1{ %L‘ A(z) exp Jcs
I
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—(1+

;
gne =~
L1

2
*ﬂ‘ )[Em = Plads = i) exp .;c61} (39

/7 2
AG) (1 + )\(p\ (36)

The other entries of the matrix can be obtained from the property g = g".
For the (24) seed solution we have when a, b =< 3 similar to (26), but
in this case

3
Ay=-T'% o exp(ds —2Re YD) + |gsP(0s — 2Re YY)

+|giP(ds — 2Re Y1) — 272 Re(gags expJes + gegrexpJce)  (37)

and whena < 3,b =4

12/7 2
r ~ W
w = = Ag |1+
8a4(3) m (3) 4r

X exp(ha = Y") [qugs — Jqugs(da — Y1) exp(—Jea)]  (38)

12/7 2
; B _
Gas) = —J° E A<3>1(1 + %L )‘MJS exp(¢p, — Y) (39)
and
12/7 2
I _
gu) = —J° H_ A<3>1[ A<3>¢4 - (1 + [ )‘(14 exp Jes
1
— Pas(dy — YP (40)
12/7
I _
845(3) = —JZH_ A(ﬁ{ ‘ Ay exp Jes — (1 + &L‘ )[(14(15
1
— PlgsPds — v) exp 16‘4]} (41)
12/7 2
s — 1351 2
= —J? AGH 1+ 42
855(3) Hl‘ <3>( 4y )‘%‘ (42)
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Fora <3and b = 6

8ab(3) =

and

846(3) =

g56(3) —

g66(3) —

—2=
M1

—J2
X [q

—J2

—J2

1995
12/7 2
A@;(l + M‘ )
;
X exp(Pa = Y qags — I qaqr(ds — Y§) exp(—Jco)] (43)
12/7 2 _
Ai) (1 " %L )[51 = J2q5(¢a — Y1) exp Jeu]
J2qr(de — YE) exp(—Jco)] (44)
12/7 2
AG) (1 ' m )[%% — J2gsq1(hs — Y5) exp(—Jes)[45)
12/7 2 2
A(S)l[ %L‘ Azyds — (1 + %L )‘% exp Jeg

Fora <3and b =7

8a7(3)

and

84703)

857(3)

867(3)

8713) =

— Pgrde— Y%“)\z] (46)
12/7
I _
MRS (1 1 )qaq7 exp(ga — Y1) (47)
12/7
. ) ~ _
M A&(l s )‘1% — J%gsqi(a — Y1) exp Jes](48)
1
12/7
I _
—JH A(3)1(1 +[* )qsq7 (49)
My r
12/7 2
—r Ag}{—.lz &L‘ Ay exp Jeg + (1 + &L‘ )[56(17
H r r
— g b6 — Y exp Jed] (50)
12/
.
- —‘ A<3>(1 + )\q ? (51)
L1
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Finally, for the (25) seed solution we have

gu =—J*—
g = —J*[
gy = —J[

12/7

A

12/7

A

12/7

A@)

2
‘%L‘ Aw +Jz‘q1‘2(1 +

1+

1+

8144 = g (2—>4,3-5)

gi54) = g13@(3—>95)

gi64) = g14@)(4—>6,5—>7)

g4 = g3 —>5->7)

;
gy = —J*
M1

12/7

A«&[

2
%L‘ A(4)(|)2 — (1 +

2
] -

2
%L‘ )[5“12 —Jq1g3(92 — YY) eXP(—ch)] (53)

2
%L q193 (54)

(55)
(56)
(57)
(58)

2
%L )‘qz expJer

— Py — Y9>>\2] (59)
12/7 2 2
g = —J? HL AM}{—JZ %‘-‘ A(4) expJer — (1 + %L‘ )[52(13
1
— s =Y exp "2]} (60)
12/7 2
L -
gy = —J* H_ Aw) (1 + %L‘ )[fﬁ — J2q3(92 — Y5) exp Jes]
1
X [gs — Iqs(s — Y1) exp( —m)] 61)

gas = —J

12/7
I _
2 _‘ A(4)1 (1 +
M1

2
%L‘ )[52(15 —J7q3qs5(d2 — Y(zl)) eXPm] (62)

2264) = g4 —> 6,5 —>7) (63)
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g1 = Zas(5 = 7) (64)
gn@ = guw(l — 3) (65)
g4 = gud(l > 3,2 54,3 55) (66)
g5 = gl = 3,3 - 5) (67)
264 = gl > 3,254 56,3 >5->7) (68)
g = gl — 3) (69)
guw) = gnw(2 > 4,3 > 5) (70)
gas) = g2 > 4,3 - 5) (71)
ga64) = 242 > 4,3 >5,5->17) (72)
ga14) = 22592 > 4,3 >55->17) (73)
gss¢4) = gn@(3 —>5) (74)
gs64) = 8iaH(l >3 >5,2>54-56,3>5->7) (75)
g514) = gl >3 55,3 >5->7) (76)
ges) = g24H2 >4 >6,3 5>5->7) (77)
g614) = 23492 > 1 56,3 5>5->7) (78)
grw = guH(l >3 ->5-57,3->5->7) (79)

where gi24)(2 — 4, 3 = 5), etc., means that we let 2 — 4 and 3 — 5 in the
expression (32d), etc. For this case, Aw) is given by

M
A(4) = —Jz‘(ﬂ‘z + ‘q3‘2(¢2 -2 Re Y&l)) + ‘q5‘2(¢4 -2 Re Y4 )
1 —_ _
+ ‘q7‘2(¢6 —2ReY§ )) — 2J% Re(q2q3 3xp Je2 + qags exp Jea

+ gsq7 exp Jcs) (80)

4. THE N-SOLITON SOLUTION

In the general case, to compute the elements of the seed solution g,(J)
we first need to compute Q¥ and m{’ as given by (6). We find
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(Q(k))ab
—Jzexp(—Yflk)) when a=b=1,2,...,s
-y, when a=b=s+2,5+4,... ,N
= )7 exp(Jea) when a=b—1=s+1,5+3,....,N—1 (81)
—Jzexp(—.lca) when a=b+1=s+2,5+4,...,N
0 otherwise
and
(k)
mp
—J*mi) exp(—Y§) when b <s
= )—J"mf)s exp(—Jcp) when b=s+1,s+3,..., N—1 (82)
—m@YR, + m)- exp(Jep—1) when b=s+2,s+4,...,N
Then we get
NEP
mify exp(dpy — Y§) when b =<s
= ) mll) — Pmf1(dp — YIP)exp(—Jey) when b=s+1,5+3,...,N—1 (83)
mif) when b=s+2,5+4,...,N
and

Tw = () pJ) + rz)l{hzl (—J2mbmon exp(dy — Vi Yﬁ)l))

N—1
(k) —() >
+ Z mop+1mop+1 exp(Pp — Y — Y1)
b=s+1
N—1

+ S [(=Imtfmone exp Jes — T mifleimon exp(—.lc;,)]} (84)
b=s+1

where 2’ indicatesasumon b = s + 1,5 +3, ..., N — 2.
One can use these quantities to obtain the n-soliton solution.
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